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INTRmcTIa~ 

The purpose of t h i s  paper is t o  expand the idea suggested i n  Ref. 1 of 

using a set of variation of parameter equations i n  an orbit tranefer process. 

The orbit transfer process i n  the cam considered here involves the correc- 

t ion  of the motion of a space vehicle in sane optimum manner. 

Reference 1 considers two orbit transfer methoda. (ha is a two-stage 
* 

exact method. The other is a single-stage approodmate method w h i c h  m i d -  

mizss the sum of the weighted equ8res of the emrs in the  orbi+& pameters  

existing at the termination of thrust. A generalieation ob the latter method 

is the one discuseed he*. 

Other references considering optimization of orbit transfer proceeses 

are Included in the l ist  uf references. (2t3,4t3) meee ppers uw comn- 

ti- m i n M ~ t I ~  tsel.li3i;itus, 1.8., eettiw partial derivat.ives ai func- 

tions equal t o  zero, trial an8 error methods, etc. This paper considers 

the uptimization of multi-stage o r b i t  tranrsfer grocessss by the method of 

dynamic progmaming. 

mstlon equations and the quadratic 8yStt91~ peflormancs in&x wed, the 

optimizing control vectors a m  determined by anslytical eucpressions. 

Further, due to tho Un&ty of the state tranefor- 

*Guidance and Orbital Mechanics Rem-, Electronics Department 
Wt 
The method is exact except for smal l  errors involved i n  linearizing 

=he equations of motion. 
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In avrtrlx form them equations becaue 

or 



L 

-.I dpl J21 '2 + J4i '4 + '61 f6 
dr I - 1  

I d  I 
. . . . 

dp6 P J26 '2 + J46 '4 + J66 '6 
dr I .I 

I" I 

Brackets 

In a practical cam where the orb i ta l  prwnetoro pl, . . . , p  are spaci- 

fled a d  the equation8 an t o  be obtalne8 in Ute- fom it mqy be 

simpler to solve for the tinre d8rfVfatiVrrS of the psraPPster8 by m8king une 

of Ls(p.sngS'6 brackets. 

6 

The virtue of this method lie0 in the fact  that 



P - a 7 7  -1 
7 

many of the elamante af the matrix to be Inverted vanieh, and poesibly 

the resulting matrix can be reduced to a luwer dimension than matrtx J 

before invewion. L e t  both sldarr of the vector matrix differential equa- 

tion 

where 9 is the tranmpo6a of J and E 16 the product of three E-matrices 

w b i c h  Interchange the first and m c d ,  third an13 fourth, and fifth and 

rrixth eolrmmc of jr an8 multiply the odd aolumn6 ob the resulting matrix 

by - 1.'") The mBtrbc E i 6  awn by 

The 

r . 

E -  

- - 
0 1  0 0  0 0  

- 1 0  0 0  0 0  

0 0  0 1  0 0  

0 0 - 1 0  0 0  

0 0  0 0  0 1  

0 0  0 0 - 1 0  
- - 



I 
I 
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where 

oi the matrix 

the follcnrlng 

[Pi, pi1 - 
[pi' pj] - i 0 

U Lagran@ss bzacketB, and 

m 

o Fram the first prapcrrty the element8 an the maFn diagonal of 
3 E  J d a h .  

o From the first  two propertiee, the matrix J%f J is skaw-eyppmetric. 

o Froea the i;hird proper%y the bracketa do not cmtain time explicitly, 
an8 thua they msy be evaluated for any epoch. 
greatly O h u p l l f f e d  the axgn~sioslo for the bra,ckets. 

The choice t - to 

The next Step in the derivation involve8 obtedning the Irequircbd gartlal 

, 

Dsfivativso of the Msturbing Functiom 

For the c a o ~  of ce leat la l  bodles whem the coplpaplenta of the per- 

turblng farce ax, a 

R, 1.8.) 

and az are the derlvetivblr ob a disturbing functim Y' 

bR 
*Is - ?E 

bR 
"Y T 
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The vector on the right follows f raa  the definitions ob f2, fk, f6, 5, 
x3, and x rima 5 

Inverting the mat- ?E J giver, 

* 

? 

Becauscb the flrot,  third, and fifth camponentr af vector f are zero, 

the matrix A assy be ruurlttea a8 a 6 x 3 matrix and vector f msy hi 

written 88 a 3 x 1 motor. 

in all that fallcnos. 

meas revlsed farmr, ab A and f W i l l  be assumed 
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A MULTImAGE OBiBrm C0RREcTIO.N PROCEGS 

The S t a t e  Transiormation Equation 

A nrultistage orbit ccmection proceeo Is defined 88 caneirting of B 

mrias of coa8ecutlw thrurt vcsctars applied to vehicle so as to tranafer 

it fraai me orbit or trajectory to ~QDCI other. 

pracitmly dafined by rpaeiisying the dirsctlan and magnitude of the thruot 

The procesr may be more 

vector for each Mparste stage of the procore. 

in the accelerstim Motor ab the vehicle produced by each thrust vector 

Alternatively, the change 

or the incramatel velocity m u t a r  acquired by the vehicle during each 

In tho dlrwrrion that follave the vulat lon of psrraPhter equrrttunr 

dsrived abm are u8.d to Mine the perturbed motion ai the vehicle. 

The cho&ce of them incremental velocity vectors 16 based upon minimizing 

the sum of the .quares of the weighted orbital paremter error6 at the 

tsrmirzatim of the multistage procera and ir  constrsrined 'v the total 

Bny)unt oi prepubiva energy ava i lab le  for the pmcter. 

derived are In m h  a form that aertain at the final orbital psrameter 

Tkze equations 

ermrm be wighted more heavily than other8 if brlred. 

Tha variation of parsllaetur equetianr for the perturbed m o t i o n  In vec- 

where 



A -  

i -  

It vas pointed 

eccentric, QT 

suiflciently ahort and if the 

that if the Interval ob integration is 

caqponentr of vector f are emaU en-, then 

t&e alementr of matrix A may be a a a d  cemtant without making iLsporte3t 

errore. Although mctor f aay not be aimll rslat lva t o  vector g, the 

duration of integration will be kept mall enough relative t o  the orbi ta l  

1 rocket motor. 

then 

If lnstrix A is aenrmed caaftpnt mer the Interval 05 T 5 T 

1 r 
r 1 I 

r 

A f dT A ,/ f ( T )  d? - A AV(t,) 
0 0 

where 

-0 0 J 

The vector AV I s  the incremental valoclty matar acquired duriw the period 

ob thrust irag 0 t o  T ~ .  

be htegr8ted t o  

The metor-mrrtrix differential equation may then 



.= 

This equatian rapscrsents the m e  in the state af the system as sapn- 

sent& by the orbttal ptwumtsro iran an initial state p(0) to mne state 

p(T,) 8ue to ac- the vector velacity increment AV( T~). 

of the acceleratioii vector f in producing AV 18 unimportant at this point 

( lee . ,  tiw to coostant thnut, coolstant acceleraticm, eta. ) . 

The beh~vlar 

1 

given by 

%+I " % + Ak 

Conaletent vith the discuselan of the variation of parameter equations the 

The System Pertarsance In&x 

There are tvo repuirsPlanta placed on the perfoxmame ai the syrtsm. 

o The sum of the weighted qucrrer sb the e m  d n l n g  3.n the 
orbital  pgs~ppbtem at the termlnatias of the orbit uorrectiem 
prooh68 10 t o  be tt & l h U U i .  
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Here, 8, mpreesats the errarm remalrdng in the orbitel parameters at the 

tenulnation od' the orbit oorractlon p-oceso. 

squares of the errors ~lls;y be awplrraed am 

The man ob the weighted 

The kinetic energy adddl to or subtrsctad from the vehlcle during the 

orbit correction procer6 depend# upon the m u  of the aquama Oi the mApni- 

t u b a  of the incremental velocity voctom far a l l  rtager at the process. 
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The two req-ts an 

w h e r e  X i r  a constant detennin4d by avsileble Bropulrive energy. 

psflcxmance lndetx 18 t o  bo mlxdmlzmd by tho proper choice af the N 1ncz-e- 

nsantai wl0ai.t;~ ~ ~ C t o j r 6  A V ~ ,  , A V - ~ .  

"hie 
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and terminating In state prJ. The 03la-etagc prooeepr coneidbrad above 

beaams the - c a d  a-e ut the two-swe proaeta~, and the expression for 
%-e 

where fran the s t a t e  trantafomaetian equation 
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on for. I-stagus. Hawever, by carry- .  

ing on fox su~rral. PII)FQ stages it la .videat that recurrence relat iae 

exist for each of the &sired quantities. Th8- -nee rrlaticm are 

r - l,...,N 1 



.' 

Avk 
6 C 

Fur the mmdmm pa - p, expected, t&e valuk of X a m  be selected to satiefy 

the abuve innquallty. !lhe coaotant C on the right of the inequality 
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single S t e m  m31t carrectiol.Procsse 

It is possible to timumfew fmu the initial *bit to ana alolw to 

orbital  psflppater error8 betvsan the initial and desired arbit6 and the 

position In the initial orbit at tohioh the oawectlcm prom88 ie aarrled 

out. The poetsibla advan- arf 8 single stage orbit transfer process I s  

If we &f¶.na Ap(0) as th. change rqptred in the e l ta l  parameter veutor 

to transfer fxwn the initial orbit to the bs irad  orbit, then the residual 

arrws In the atrbital pa;lrrprst.rs at  the end af thu l~1ngI.a s w  =bit 
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J1 - 8' Q f5 

where Q is a 6 x 6 d i a g o z d  matrix whose non-zero elements weight the 

squares of the individual orbital parameter emrs.  

process derlvatim the minimizing velocity vector i s  @van by 

Fran the multi-stage 

-1 T AV(0) - (ATQ A) A Q Ado) 

- N Ado) 

a =  

n =  

T =  

1-cos nT m 
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If the timc between application of the two thnut mators is short then 

the flmt and fourth, uecond anB riith, and third and aixth c o l w  of the 

a B matrix will be alrsnat equal. This mean6 thst tho datembmt ob the 

U @ m a t e  W i l l  be quite mnll, resulting in very 

velecity tar a glven parameter error metar. 

capcment8 ob 

I 

=5 (AA COB h)* + (Ah)2 



AA * !Phe angubr azimuth error ob the eatallite poriticm 
at the ground antenna. 

Ah .I The angular slrwstlon emar ob the eatelUte p i t i a n  at 
the ground antannn. 

in the arbital ptwumter errare Api, i - 1, ... ,6. 
vhem 

Q = 6 x 6 patrlr mom e h n t s  are fmctionr oi local 
ridorsal t h e  and the poaitit3n of the satellite in 
ltr arblt. 

A t  ury inatant of timh the satellite lsay be to lie em the 



where 8 is a 6 x 1 vector wheso aoaqponentr axe the error8 i n  the orb1-k.l 

p r a i m t e r s  remairhg at the tonahation of the orbital tranefer procesrr. 

ns;y be mlnlmlzed by dynamic prograaxing 
P The perfenmnce intiem tan 

techniqpes as Indicated i n  Gcction Iff, and an energy constant xuqy 'm 

incrluded If dh8irad. !Che matrix becam8 the lalrtrlx Q in the above 

equation and nar h a  time dependent non-zoro off diagenal elemmntr. 

ever, eiace the orbi t  carroctian promre I s  nomaally ab short duration 

relative to the orbital period, the elemntr of Q 

t h e  of the tomlnatlon of the proaese and arnlumed confstmt during the 

process. 

Hav- 

be avalwrted far the 
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Q In the multi-stagd process the spacing of the corrective 

thrust W C t W S  be ChOsSn to B a t  the parti- p m b h  

at hand, I... , mdezvOu6 problem, point-to-point trajec- 

tory, satellite arbit, etc. 

The -nee relations vere 8srivcsd assrpniapS a thme-dinrcnsional 

control vectopr AV. 

masaim ef +he single-stage c m t i o n  gmces8, it is iPrpos8ibl.e to drive 

the termrinal errors to zero, wen with no constraints, .rorgt under special 

conditians. H o w m r ,  when one or two of the orbital paramst- erro~s are 

of special slgnlficance thqy may be nelghted very heavlly asd can be 

driven to very s m a l l  valupa at the terminaticm at? the process. An altar- 

nativa fonrmlstfon is to use the two-stage process diecussed grrwimly aa 

me stage oi the multi-stage process. The a p matrix i n  the two-sttqp 

fonnulstlcsn becanes the AN,= matrix in the rectmwice relatlools, an8 the 

bV a-r 
process. 

Using thio formulstion, as pointed out i n  the u%- 

vector is naw a six dimrmsimal vector 8 s  Wined for the tvo-rrtag~ 

Of course, for A - 0 (no cwtraiat)  the multi-otsg+ proeeso 

degenerates to the two-stage pmmess with zero tsrminal .r~c#8, l.e., dN - 0. 
A word of aaution l o  in ordrr c o n c m  the usa of the method for 

n\awtrical coaaputatiane. 

stmng sssaxptfoss at Ilnaarity. 

The variation ob parsmeter equations are bamd on 

Care muat be taken in bslgnlng the pro- 

Cess 80 that the resulting ahanges h mbital ptUmneter8 arpr - 
stage does not exceed the acceptable linear region sb the state transfor- 

mation equations. 
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